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Abstract

In this paper we consider the standard voting model with a finite set of alternatives
A and n voters and address the following question: what are the characteristics of
domains D that induce the property that every strategy-proof social choice function
f : D" — A satisfying unanimity, has the tops-only property? We first impose a
minimal richness condition which ensures that for every alternative a, there exists an
admissible ordering where a is maximal. We identify conditions on D that are sufficient
for strategy-proofness and unanimity to imply tops onlyness in the general case of n
voters and in the special case, n = 2. We provide an algorithm for constructing tops-
only domains from connected graphs with elements of A as nodes. We provide several
applications of our results. Finally, we relax the minimal richness assumption and

partially extend our results.

1 INTRODUCTION

In the mechanism design problem, it is assumed that agents have private information but
collectively wish to attain “optimal” outcomes which depend on this private information.
The goal of mechanism design theory is to identify the outcomes which can be achieved
(as a function of the “state of the world” or the private information held by agents) when
agents are rational and fully recognize their strategic opportunities. The mapping between
the profile of private information and optimal outcomes is called a social choice function or
SCF. A natural requirement is for the SCFs to be strategy-proof, i.e. they should provide all
agents with dominant strategy incentives to reveal their private information.

Whether or not a SCF is strategy-proof depends critically on the amount of the private
information it “uses” to compute the optimal outcome. At one extreme, if an SCF is constant
and does not depend at all on the information of agents, it is strategy-proof because agents
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cannot gain by misrepresenting their information. On the other hand, if the SCF depends
“intricately” on private information, we imagine that it is unlikely to be strategy-proof.
This is because it will afford significant opportunities for agents to benefit by lying. The
models that we are concerned with (and these models are preponderant in the literature) are
those where an agents’ private information consists of her preferences over some fixed set of
alternatives. Our goal is to investigate domains of preferences over which all strategy-proof
SCFs use only the information of the maximal element or “top” of agent preferences in order
to compute its output.

We consider the standard voting model. There are n agents called voters and a fixed and
finite set of alternatives A. Each voter i has a preference P; which is a linear ordering over
the elements of A. The set of possible orderings for each agent is the set D which is a subset
of the set of all linear orders over A. Note that we are assuming that the possible set of
preferences is the same for all agents. A SCF is a mapping f : D™ — A. We are interested in
identifying conditions on D with the property that all strategy-proof SCF's defined over this
domain, satisfying the additional (weak) property of unanimity, have the tops-only property.

Tops-only SCFs are well-known in the social choice literature. The most familiar one
is the complete domain or the domain of all linear orderings over A. If A has at least
three elements, then the Gibbard-Satterthwaite Theorem states that every strategy-proof
SCF defined over the complete domain must be dictatorial. A dictatorial SCF always picks
the top-ranked alternative of a fixed voter called the dictator. Since the the outcome of a
dictatorial SCF for every profile of preferences depends only on the top-ranked alternative of
the dictator, the complete domain is a tops-only domain. The other salient tops-only domain
is the domain of single-peaked preferences. This domain is the cornerstone of much of the
modern literature on political economy. There are several variants of these domains as well
as other domains which also have the tops-only property; many of them are discussed in the
paper. Our objective is to identify the common features of these domains which precipitate
the tops-only property. Our results unify a number of disparate results pertaining to specific
domains and also identify some new ones. We note that if a domain can be classified as
a tops-only domain, the task of characterizing strategy-proof SCFs over these domains is
considerably simplified.

Most of our paper is concerned with domains which satisfy an additional property called
minimal richness. Such domains have the feature that for every alternative, there is an
admissible ordering where the alternative is ranked first. We prove two results for such
domains. In the case of two voters, we provide an extremely simple property on domains
which we call Property 7" that is sufficient for tops-onlyness. Unfortunately, we are unable to
prove that this property is also sufficient when there are more than two voters. However we
are able to provide another property called Property T* which guarantees the tops-onlyness
of domains independently of the number of voters. We show that Property 7™ together with
a symmetry property on domains implies Property T'.



Property T is a condition formulated in terms of the notion of “connections” between
alternatives originally proposed in Aswal et al. (2003). Fix a domain D. We say that two
alternatives are connected if there exists an admissible ordering where «a is ranked first and b
second, and another admissible ordering where b is ranked first and a second. The domain D
satisfies Property 7' if every ordering P; € D has the property that every alternative that is
not first-ranked in P; is connected to an alternative that is preferred to it under P;. Our first
result states that every domain satisfying this property also satisfies the tops-only property.

Property T is easy to verify in practice. We provide an algorithm to generate domains
satisfying this property from arbitrary graphs that are connected (in the conventional graph-
theoretic sense). We also use this property to provide new conditions for domains to be
dictatorial which are different from those in Aswal et al. (2003). In doing this, we use the
well-known result that a domain that is dictatorial for n = 2 is also dictatorial for general
n. We further use our new condition for dictatorial domains to show that such a domain
must contain 2m orderings where m > 3 is the cardinality of |A|. Moreover, a domain
which attains this bound is identified. This answers a question raised in Aswal et al. (2003).
Recently, the same result on minimal dictatorial domains has been independently established
in Sato (2008) Chapter 3.

We conjecture that Property T is sufficient for tops-onlyness generally but are unable
at this time to either prove it or provide a counterexample. Our alternative Property T
is also a fairly simple condition but does not rely on the connectivity structure of the do-
main. We demonstrate that salient domains such as those of single-peaked and generalized
single-peaked domains and multi-dimensional domains with product structure and separa-
ble preferences (and various sub-domains of these domains) all satisfy Property 7*. Their
tops-onlyness is therefore an immediate consequence of our general result. We also apply
our results to models of multi-dimensional voting with constraints where preferences are ad-
ditively separable. A well-known example of such a model is that of choosing committees
when there are restrictions regarding their size or composition. We distinguish between two
types of models here, one where the domain consists of preferences whose tops are feasible
and another where no such restriction is made. We show that Property 7™ is satisfied in the
former case but not in the latter.

Our final section is an attempt to deal with domains which do not satisfy the minimal
richness assumption. There are several well-known examples of such domains such as those
where sets are ranked according to some expected utility criterion. There are serious techni-
cal difficulties in extending our results to these domains. However, we show that a suitable
modification of Property 7™ implies a weaker version of the tops-onlyness result which per-
tains only to alternatives which can be first-ranked. We apply this result to several domains.
We show that in some cases, general tops-onlyness can also be obtained by exploiting specific
aspects of the domains being considered.

A paper which is close to ours in spirit is Weymark (2008). It proposes a general proof



technique which can be used to prove the tops-onlyness property of domains. One advantage
of the approach in this paper over ours is that it also applies to models where the set of
alternatives is a non-finite subset of Euclidean space. On the other hand, it does not seek to
identify sufficient conditions on domains for tops-onlyness which is our primary objective. At
a formal level there is no overlap between the results of the two papers. However both papers
are motivated by the same issues - that of trying to understand the structure of tops-only
domains and trying to unify, refine and extend a number of isolated results in this area.

The paper is organized as follows. Section 2 introduces the basic models and definitions.
Section 3 presents the main results for minimally rich domains. Section 4 discusses appli-
cations of the results in Section 3 while Section 5 deals with non-minimally rich domains.
Section 6 concludes.

2 PRELIMINARIES

We let A denote a set of alternatives with |A| = m < oco. The set of voters is N = {1, ...,n}.
Each voter ¢ is assumed to have a linear order P, over the elements of the set A which we
shall refer to as her preference ordering. For all a,b € A, aP;b will signify the statement “a
is strictly preferred to b according to P;”. We let P denote the set of all linear orders over
the elements of the set A. The set of all admissible ordering is a set D C P. A preference
profile P = (Py, ..., P,) € D™ is a list of admissible preference orderings, one for each voter.

For all kK = 1,...,m, P, € D and a € A, we shall say that a is k' ranked in P, if
{b € AlaPb}| = m — k. We will write a = r,(F) if a is k' ranked in P;. In the special case
where a = r1(P;) we will write a = 7(F;).

The fundamental object of study in this paper is a Social Choice Function which we
define below.

DEFINITION 1 A Social Choice Function (SCF) is a mapping f : D" — A.

We now introduce the important concept of a minimally rich domain. Such a domain
has the property that for every a, there is a ordering P; in the domain where a is the best
alternative. Note that this implies |D| > m.

DEFINITION 2 The domain D satisfies minimal richness if for all a € A, there exists P; € D
such that 7(P;) = a.

We will assume in Sections 2, 3 and 4 that domains under consideration satisfy minimal
richness.
We now introduce some properties of SCFs.

DEeFINITION 3 A SCF f : D" — A satisfies unanimity if for all P € D" and a € A such
that 7(P;) = a for alli € N, we have f(P) = a.
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If an SCF satisfies unanimity, then it always respects consensus whenever it exists, i.e.
an alternative ranked first by all agents in a profile is always picked. Observe that a SCF
satisfying unanimity and defined over a minimally rich domain must have a range of m.

Each voters’ preference ordering is private information, i.e. known only to herself. These
preferences must therefore be elicited by the mechanism designer. If a SCF is strategy-proof,
then no voter can benefit by misrepresenting her preferences irrespective of her beliefs about
the preference announcement of other voters.

DEFINITION 4 A SCF f: D" — A is manipulable by voter i at profile P € D" via P € D
if f(P!,P_;)P,f(P). A SCF is strateqy-proof if it is not manipulable by any voter.

It is well-known that strategy-proofness is a stringent requirement for SCF's to satisfy. In
general, SCFs which “use” a lot of information are more vulnerable to manipulation because
they afford voters greater opportunities for being strategic. Our goal in this paper is to
investigate domains where all strategy-proof SCFs only use information regarding the most
preferred alternatives of all voters.

DEFINITION 5 The profiles P, P' € D™ are tops-equivalent if 7(P;) = 7(P}) for all i € N.
The SCF f : D" — A satisfies the tops-only property if f(P) = f(P') whenever P and P’
are tops equivalent.

Several well-known SCFs satisfy the tops-only property and we will describe some of
these subsequently. Our objective is to investigate domains where strategy-proofness and
unanimity imply the tops only property.

DEFINITION 6 The domain D satisfies the tops only property if every SCF f : D" — A
which 1s strategy-proof and satisfies unanimity also satisfies the tops only property.

Our objective in this paper is to provide sufficient conditions for domains to satisfy the
tops-only property. In order to do so, we need to introduce some auxiliary concepts and
results.

Let D be an arbitrary domain and let f : D" — A be an arbitrary SCF. For all i € N
and P_; € DN let O;(P;) = {a € Alf(P;, P_;) = a,P; € D}. The set O;(P_;) will be
referred to as the option set for voter i, given P_; and is the restricted range of the SCF f
given P_;. These sets were first introduced in Barbera and Peleg (1990).

We record two elementary facts about these sets (proofs can be found in Barbera and Peleg
(1990)).

e 1. For any strategy-proof SCF f: D" — A, the following holds: for all (P;, P_;) € D",
f(Bi, Poy) = C(P, 0i(P-y)) !

For all P; € P and B C A, C(P;, B) is the maximal element in the set B according to the order P;.




e 2. For any SCF f : D" — A satisfying unanimity, the following holds: for all i € N,
P_; € D¥"! and a € A such that 7(P;) = a for all j # i, we have a € O;(P_;).

A tops-only property for option sets can be defined in a natural way and shown to be
equivalent to the tops-only property.

PRrROPOSITION 1 The SCF f satisfies the tops-only property if and only if for all i € N
and P_;, P', € D" ' which are tops equivalent (i.e. P; = P for all j # i), we have
Oi(P-;) = O:;(P;).

Proof: : Suppose O;(P_;) = O;(P";) whenever P_; and P’ are tops-equivalent for all i €
N. Let P,P'" € D" be profiles which are tops-equivalent. Then, f(P) = f(P,P-1) =
C(P1, 01(P-1)) = C(P, O ((PLy)) = f(P1, PLy) = C(Py, Oo( P, Py ) =
C(P3,02(P], Py, 5,)) = f(P') which establishes that f is tops-only.

To prove the converse assume that f satisfies the tops-only property but there exists
i € N, P_;, P, € DN=! which are tops-equivalent but O;(P_;) # O;(P’,). Assume w.l.o.g
that a € O;(P-;) — O;(P;). Since D is minimally rich, there exists P; € D such that
7(P;) = a. Then f(P;, P_;) = a # f(P;, P’";) which contradicts the initial hypothesis that f
is tops-only. ]

We now focus attention on the tops-only property of option sets.

3 RESsuULTS

3.1 THE Two-VOTER CASE

The central notion for our condition on admissible domains is that of connections which was
introduced in Aswal et al. (2003).

DEFINITION 7 Fiz a domain D. We say that alternatives a,b € A are connected if there
exist P, P/ € D such that (i) a = 7(P;) and b = ro(P;) and (ii) b = 7(P!) and a = ro( P}).
According to the definition a and b are connected if there exists an admissible ordering
where a and b are ranked first and second respectively and another ordering where b and a
are ranked first and second respectively. If a and b are connected, we denote it by a ~ b.

DEFINITION 8 The domain D satisfies Property T if for all P, € D and a € A —{7(P)}
there ezists b € A — {a} such that (i) bPia and (ii) b ~ a.



Property T requires the following. For any alternative in an admissible order (which is
not the most preferred alternative of that order) there must exist another alternative which
is better than it and to which it is connected. We will provide several instances of domains
satisfying Property 7' in the next section.

THEOREM 1 Assumen = 2. If a minimally rich domain satisfies Property T, then it satisfies
the tops-only property.

Proof: Let D be an arbitrary domain satisfying Property 7. We will show that every
SCF f : D? — A that is strategy-proof and satisfies unanimity also satisfies the tops-only
property.

We shall refer to the two voters as ¢ and j. Using Proposition 1, it suffices to show that
if D satisfies Property T', then O;(P;) = O;(P/) whenever P; and P! are tops-equivalent. Let
a € O;(F;) where a = r,(P;). We will show by induction on k that a € O;(F)).

We begin by observing that in the case where k = 1, a € O;(F/) follows because f
satisfies unanimity. Now assume that a = ry/(P;) and a € O;(F;) implies a € O;(P/) for all
k' < k. We will show that a = ry(F;) and a € O;(F;) implies a € O;(F}).

Since D satisfies Property T', there exists b € A such that bFP;a and b ~ a. We first claim
that b € O;(F;). To see this, assume to the contrary that b ¢ O,;(F;). Since b ~ a, there exists
P; € Dsuch that b= 7(P;) and a = r5(FP;). Using fact 1 and the assumptions that b ¢ O;(P)
and a € O;(F;), it follows that f(P;, P;) = a. Let P/ € D be such that 7(P/) = b (again
feasible because of the minimal richness assumption on D). By unanimity, f(F/, P;) = b.
But then since bP,a, ¢ manipulates at (P;, P;) via P/, contradicting the strategy-proofness of
f. Hence b € O,(F,).

Since bP;a, it must be the case that b = ry (P;) for some k' < k. Therefore the induction
hypothesis implies that b € O;(F}).

We now claim that a € O;(P/). Suppose that this is false. Since b ~ a, there exists
P} € D such that and a = 7(Pj) and b = ry(P}). Since a € O;(F;) — O;(F/) and b € O;(F)),
it follows that f(F;, Pj) = a and f(F/, P}) = b. Since bP;a, i will manipulate f at (P, P))
via P/ contradicting the strategy-proofness of f. Hence a € O;(P/). An identical argument
with ¢ and j interchanged establishes that O;(P;) = O;(P!) whenever P; and P/ are tops-

J J
equivalent. Hence f satisfies the tops-only property. [ |

OBSERVATION 1 The proof of Theorem 1 also reveals the structure of option sets of strategy-
proof SCFs defined over domains satisfying Property T'. For any P, € D, O;(F;) consists of
a collection of chains. A chain is a sequence {ay, as, ..., ax } where a; = 7(P;), arPar41 and
ap ~ apy1 for k=1,..., K — 1. A critical property of the two-voter setting is that the peak
is always a member of the option set (guaranteed by unanimity) and is the first element of
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the chain. The complications of the more than two voter case arise precisely because this
property holds only when there are two voters.

3.2 THE GENERAL CASE

We are unable to prove that Property 7' is sufficient for D to satisfy the tops-only property
when there are three or more voters. However, we are able to identify a stronger condition,
which we call Property T, that is sufficient independently of the number of voters.

For all P, € D and a € A — 7(F,), let B(P;,a) = {z € AlzP,a} and W(P;,a) = {z €
AlaPz}. Thus, B(P;,a) and W(P;, a) are the sets of elements which are respectively better
than and worse than a according to P;.

Let B(P;,a) = {x € Alz € B(P/,a) for all P!/ such that 7(P;) = 7(P!)}. This set consists
of alternatives that are better than a in all orderings P/ that are tops equivalent to P;. Note
that B(P;,a) # ), since 7(P,) € B(P,, a).

DEFINITION 9 Fiz a domain D. Let a € A and P; € D be such that a # 7(P;). Then a is
satisfactory for P; if for all v € B(P;, a) there exists P; such that 7(P;) = a and xB;W (P;, a).
Moreover D satisfies Property T* if for all P, € D and a € A — 7(P;), a is satisfactory for
P;.

Property T can be thought of as a sort of reversality property. Let P; be an admissible
ordering and let a be an alternative distinct from y = 7(P;). Let B(P;,a) denote the
alternatives which are always better than a in all orderings where y is maximal. Pick an
arbitrary alternative x € B(P;, a). Property T* postulates the existence of an ordering where
a is maximal and x is preferred to all alternatives that a was better than under P;.

In the next section we will provide several examples of domains that satisfy Property
T*. Here we comment on the relationship between Properties T and T™. We first show that
Property T™* together with a symmetry property implies Property T

DEFINITION 10 The domain D satisfies link symmetry if, for all a,b € A, a ~ b whenever
there exists P, € D such that 7(P;) = a and ro(P;) = b.

This symmetry condition implies that whenever there exists an admissible ordering where
a and b are first and second ranked respectively, there exists another ordering where b and a
are first and second ranked respectively.

PROPOSITION 2 Let D be a domain satisfying link symmetry and Property T*. Then it
satisfies Property T .



Proof: : Let D be a domain satisfying link symmetry and Property T*. Let P, € D and
a € A—7(P). Pick an arbitrary 2 € B(P;,a). From Property T*, it follows that there
exists P; € D such that 7(P;) = a and P;W (P;,a). Let y = ro(P;). By link symmetry y is
connected to a. Note that either y = z or yPx since y € W (P, a) implies that 2 P,W (P, a)
is violated. Therefore y € B(P;,a). Hence Property T is satisfied. |

Thus Property T™* together with link symmetry implies Property 7. Property T does
not, of course, imply Property T*. In the section on constrained voting, we will provide
an example of a well-behaved domain which satisfies Property 7' but violates Property 7.
Finally, we identify a property expressed in terms of linkages which implies both Properties
T and T*. Consider the following property: for all P; € D, for all « € A — 7(P;) and for
all z € B(P;,a), we have  ~ a. This property clearly implies both Properties T* and 7.
However, we do not work with this property because it is rather strong and several domains
which satisfy Properties T" and T™ do not satisfy it.

Our main result in this section is the following.

THEOREM 2 If a minimally rich domain satisfies property T, then it satisfies the tops-only
property.

Proof: : We will prove the result by induction on the number of voters n. Let D be a
domain satisfying Property 7%. Since SCFs under consideration satisfy unanimity, the result
is trivially true for the case n = 1. Assume now that for some arbitrary integer n, every
SCF f: D" — A which is strategy-proof and satisfies unanimity, also satisfies the tops-only
property. We will show that an arbitrary SCF f : D"*! — A which is strategy-proof and
satisfies unanimity, also satisfies the tops-only property. In view of Proposition 1, it will be
sufficient to show the following. Let i be an arbitrary voter and let P_;, P', € D" be two
tops equivalent profiles; then O;(P_;) = O;(P’;). We proceed in four steps.

Step 1: Pick j # ¢ and let P, P/ € D be tops equivalent. Then C(FP;, O;(F;, P_ij1)) =
C(F, Oi(F, P—gizy))-

Define the n-voter SCF g : D" — A as follows: for all B, € D and P_g;j; € D2,
f(P, Pi,P_rijy) = g(F;, Pz ;7). In other words, g is obtained by “coalescing” voters i
and j. It is easy to verify that ¢ is strategy-proof and satisfies unanimity (details may be
found in Sen (2001). The induction hypothesis therefore implies that ¢ satisfies the tops-
only property. Since P; and P] are tops equivalent, it follows that C'(P;, O;(F;, P_(i ;1)) =
(P B Pogjy) = g(B, Pogpy) = 9(B, Poy) = f(BL B Piy) = C(F, Oi( P, P_giy)-
This completes Step 1.

Step 2: Let 2* = f(P,, P;, P_y; j3) and let a € O;((P;, P_{; ;3)) be such that a # x*. Then
z* € B(P;,a).

Suppose that the claim in Step 2 is false. Then there exists P/ € D such that P, and P/

are tops equivalent and aP/x*. By Step 1, f(F/, P/, P_; ;1) = «*. Lety = f(P, P, P_fi j3) =
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C(P/,0i(F;, P_; j3)). Since a € O;((F;, P—g 1)), it must be the case that either y = a or
yP/a. Clearly voter j will manipulate in profile (P}, P/, P_y; j;) via P;. This completes Step
2.

Step 3: Oi(Pj, P 1) = Oi(P}, P_ij3) whenever P; and P} are tops equivalent.

Suppose that the claim in Step 3 is false. We can assume without loss of generality
that there exists a € Oi(Pj, P_y;51) — Oi(Pj, P_g; j1). Suppose a = 7(P;) = 7(F}). Pick
P; € D such that 7(F;) = a. Then f(F;, P, P_y;j3) = a but f(P;, P}, P_(; ;) = b # a. Since
7(P]) = a, we have aP}b and voter j will manipulate at (P, P, P_;;;) via P;.

Assume therefore that a # 7(P;). Let * = f(P}, Pj, P_f;j3). It follows from Step 2 that
either a = x* or 2* € B(Pj,a). If a = 2*, then a € O;(Pj, P_yijy) since f(P;, Py, P_g; 51) =
f (Pj’ , P, P_yijy)- Suppose therefore that a # x*. Since D satisfies Property 1™, there exists
P; € Dsuch that 7(F;) = a and o* P;W (P}, a). Then f(P;, P;, P_yi ;1) = C(Pj, Oi(P;, P_gi j3))
a. Let f(Pj, P, P_; 5y) = C(P;, Oi( P}, P_gijy)) = y. Since x* € Oy(P}, P_y; 1)) (this follows
easily from Step 1) and z*W (P, a), it follows that yP;a. Hence voter j manipulates at
(P, Pj, P_;4y) via P;. This completes Step 3.

Step 4: O;(P-;) = O;(P’,) whenever P_; = P’ are tops equivalent.
This follows from repeated application of Step 3. [ |

We now discuss issues pertaining to the necessity of Properties T" and T™.

3.3 NECESSITY

Property T™ is not necessary for the tops-only property to hold. We provide an example
showing this in Section 4.6.2 (Example 5). However we show below that if m > 3 it is
possible to construct non tops-only domains which violate both Property 71" and 7.

EXAMPLE 1 Let A=BUC, BNC =0. Let B={by,ba,....0,, } and C = {c1, oy ...., Ciny }
and assume m; > 2. Let D be the largest domain of orderings P; which satisfies the restriction
that either b;Pic; for all b; € B and ¢; € C or ¢;jP;b; for all b; € B and ¢; € C. In other
words, either all alternatives in B are above all alternatives in C' or vice-versa. Observe that
]T)| = 2my!my!. Observe also that all alternatives in B are mutually connected; the same is
true for all alternatives in C'. However alternatives in B are not connected to alternatives in
C. This immediately implies that Property 7" is violated. Since link symmetry is satisfied
by D, Property T is also violated. We claim that D is not a tops-only domain. To see this
consider the case of n = 2 and the following SCF: voter 2 chooses the maximal alternative
from either B or C' depending on which one of these sets is on “top” of voter 1’s preference
ordering. It is straightforward to verify that the SCF is strategy-proof. Let P, be an ordering
whose top elements are from B. Let P, be the ordering ¢ Ps... Pocy,, Poby Ps.... Pob,,, and let
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P} be the ordering ¢y P;... Picp, Pyba, Py....Pyby, . Clearly the profiles (P, P) and (Py, Py) are
tops-equivalent. However f(P;, P,) = by and f(P;, Pj) = by violating tops-onlyness.

We now turn to applications of our results.

4  APPLICATIONS

4.1 AN ALGORITHM FOR GENERATING ToPs-ONLY DOMAINS FOR
n = 2 FROM GRAPHS

We first show how Property 7" in conjunction with an arbitrary connected graph with m
nodes can be used to generate domains satisfying the tops-only property in the case of two
voters.

Let G be a graph with m nodes labeled {a4, .., a,,}. We restrict attention to connected
graphs, i.e. to graphs which have the property that every pair of nodes in GG, is connected
by a sequence of edges in G. Domains D satistying Property 1" can be constructed from G
by using G in the following manner: a; ~ a;, iff a; and a; are connected by an edge in G.

The following algorithm can be used. Pick an arbitrary a;. For every a; such that a; and
ay, are connected by an edge, create an ordering where a; is first and a;, is second. The third
ranked alternative in the ordering is an alternative which is connected by an edge to either
a; or aj. The ordering is completed by ensuring that if a, is ranked &, there is an alternative
a, which is ranked k&’ with ¥ < k and a, and a, are connected by an edge in G. It is easy to
verify that such an ordering can always be constructed if G is a connected graph.

We clarify the algorithm with the help of the following example.

EXAMPLE 2 Let A = {ay,as,as,aq4,as,a6} and let G be the graph in Figure 1. Let Py
be an ordering consistent with G whose first-ranked alternative is a,. Since the only edge
in G connecting a; is one which connects it to ag, ro(P) = as. By a similar argument,
r3(P1) = as. The fourth ranked alternative can either be ag or ay and so on. Adding
orderings with each alternative as first ranked and proceeding as above, we can ensure that
Property T is satisfied.

Let D comprise the orderings {Py, P, ..., P12} which have been constructed using the
algorithm.

It is easily verified that a; ~ a; for all a;,a;, € A if and only if a; and a; are connected
by an edge in G. Clearly D satisfies Property 7. Therefore Theorem 1 implies that all
two-person SCF's defined over D satisfies the tops-only property.

Is D dictatorial? 2 Interestingly, the answer is no. Consider the following two-person
SCF defined over this domain. Voter 1 gets his first-ranked alternative in all profiles except

2A formal definition is provided in the next subsection, Definition 12.
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Figure 1: A Connectivity Graph

PP P3Py P B P PR Py Py P P
ap a2 ax asz a3 az a4 G4 Az 0As Qe Qg
az a1 az az Gag a4 a5 G5 A (4 as as
as a3 a4 G a5 a2 az a3 az as a2 as
g Q4 G A4 A4 A1 A2 A2 G4 A2 ay a2
as as as as G2 as Qg G A2 (1 as as
as G a3 ai ap a4 ai ap ap Gg Q4 451

Table 1: The domain D

those in which she ranks a; first. In this case the SCF selects voter 2’s best alternative from
the set {a1,as}. Voter 2 clearly cannot manipulate. Voter 1 gets her second best alternative
when her ordering is P;; however there is no way for her to get her best alternative a; since as
beats a; for all admissible orderings. More subtly, this SCF satisfies the tops-only property.

Finally note that there are other domains which can be constructed from G by the
algorithm. For instance, let P;3 be the ordering: agPi3a3Pi3a5Pi3a2Pi3a; Pizas and let D' =
DU{P3}. Then the connectivity structure of alternatives in D’ is consistent with that of G
and it also satisfies Property 7. Hence D’ is also a tops-only domain.

4.2 DICTATORIAL DOMAINS
We now consider applications pertaining to dictatorial domains.

DEFINITION 11 A SCF f : D™ — A is dictatorial if there exists a voter i such that for all
PeD", f(P)=1(P).

12



DEFINITION 12 The domain D is dictatorial if every strategy-proof SCF f : DN — A
satisfying unanimity is dictatorial.

DEFINITION 13 The domain D is a minimal dictatorial domain if it is dictatorial and |D| <
|D'| for every dictatorial domain D'.

A dictatorial SCF obviously satisfies the tops-only property and a dictatorial domain
is therefore a tops-only domain. We consider two variants of Property T and examine
dictatorial domains using them. An interesting feature of these conditions is that these are
respectively a weakening and a strengthening of the two-voter condition for tops-onliness
rather than the three or more condition (i.e. Property 7" rather than Property 7*). The
reason for this is that the extension from two to multi-voter settings for dictatorial domains
(satisfying minimal richness) comes for free.

We now turn to a strengthening of Property T that yields a sufficient condition for a
domain to be dictatorial. This new condition is independent of the condition of linked
domains and yields new results on dictatorial domains. Indeed we are able to solve the
question of identifying a minimal dictatorial domain raised in Aswal et al. (2003), with our
condition.

DEFINITION 14 Let B C A such that m > |B| > 1 and let a € B. The domain D satisfies
Property T if there exists P, P/ € D and c¢,d € A such that (i) c € B,d € A— B and c ~ d
and (ii) 7(P;) = 7(P!) = a, cPid and dP)c.

Property 17" expresses another reversality property. Pick a partition (B, A — B) of the set
A such that B has at least two elements and A — B at least one and let a € B. Then, there
exists ¢ € B and d € A— B which are connected and for which an appropriate reversal exists;
in particular, there exists admissible orderings which have a as the peak and for which the
preferences for ¢ and d are reversed. Informally, every non-trivial partition of A must have a
reversal. Our main result of this subsection is that Property 7" in conjunction with Property
T precipitates dictatorship provided m > 3. Note that Property 7" is trivially satisfied if
m < 3.

DEFINITION 15 The domain D satisfies Property T? if it satisfies both Properties T and T".
We now state the main result of this subsection.
THEOREM 3 Assume m > 3. If a domain satisfies T?, then it is dictatorial.

Proof: : In view of the results in Aswal et al. (2003),Kim and Roush (1989), it suffices to
prove the result in the case of two voters, i.e. to prove that if D satisfies Property 7%, then
f : D? — Ais strategy-proof and satisfies unanimity implies that f is dictatorial. We assume
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therefore that n = 2 (the set of voters will be denoted by N = {i,j}) and that D satisfies
Property T¢. Let f : D?> — A be a strategy-proof SCF satisfying unanimity.

Suppose that the Theorem is false. Since m > 3, we can assume w.l.o.g that there exists
P, € D and m > O;(P;) > 1. Let B = O;(P,) and a = 7(P;). Note that a € O;(P;) since f
satisfies unanimity. Let ¢,d € A and P;, P! € D be as specified in the Definition 13. Since D
satisfies Property T, Theorem 1 implies that O;(FP;) = O;(P,) = O;(P/). Now pick P; € D
such that 7(P;) = d and ro(P;) = c (this is feasible because ¢ ~ d by assumption). Also
since d ¢ O;(P;) and ¢ € O;(P;), we have f(P;, P;) = f(P!,P;) = c. Let P¥ € D be such
that 7(FP;) = d. Then unanimity implies f(P}, P;) = d. Since dFP/c by assumption, voter i
manipulates f at (P}, P;) via P which contradicts the assumption that f is strategy-proof.
|

OBSERVATION 2 Property T is distinct from the linked domain property in Aswal et al.
(2003). In order to see this it is sufficient to note that the definition of a linked domain
depends entirely on the connectivity relation unlike 7¢ while Property T requires restrictions
other than connections. It is possible to provide a weaker (but less transparent) version of
Property T and Property 7% which generalizes the Aswal et al. (2003) result. We do not
pursue this line of enquiry further in this paper.

We now provide several applications of Theorem 3.

4.2.1 Free Pair at the Top and Complete Domains

A free pair at the top or FPT domain is a domain where every pair of alternatives are
connected. Note that such domains can be much smaller than the universal domain P.

DEFINITION 16 The domain D satisfies the free pair at the top domain (FPT) if a ~ b for
all a,b € A.

It is easy to verify that the FPT domain satisfies Property T%. We only show that this
domain satisfies Property 7. Let B C A with m > |B| > 1 and let a € B. Now pick any
c€ B—{a} and d € A— B. Let P; and P! be such that 7(P,) = 7(P!) = a, ro(P;) = ¢ and
r9(P/) = d. Clearly c,d and P;, P! satisfy the requirements of Property 7”. Since P; and P!
belong to the FPT domain, this domain satisfies Property 7”. Hence we have

COROLLARY 1 Aswal et al. (2003), Gibbard (1973), Satterthwaite (1975) . Let m > 3. The
FPT and complete domains are dictatorial.
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4.2.2  Circular Domains

It will be convenient to write A = {ay,as,..,a,}. The idea is to write the alternatives
ai, as, .., @y, on the circumference of a circle. There are two orders with a; as the first-ranked
alternative. Either move clockwise from a; so that a;i; is the second-ranked alternative
and a;_; is the worst alternative or move counter-clockwise from a; so that a;_; is the
second-ranked alternative and a;;; is the worst alternative. The construction is very similar
to single-peaked preferences with one critical difference: starting from any alternative, by
moving either “left” or “right”, one reaches a “neighbour” of the alternative again. Formally,
we have the following.

DEFINITION 17 The Circular Domain D€ consists of the following 2m orders:
{aja;41...0m0a1..0;_1,0jG;_1...01Cpy...0541, 5 = 1,...,m}. Here anqq 15 the alternative a;.

We illustrate this definition with an example.

EXAMPLE 3 Let A = {ay,as,a3,a4}. Then D¢ consists of the following eight orderings
(P17P27P37P47P57P67P77P8):

PP P P P B PRy
aq aq a9 a9 as as ay ay
az a4 agz ap G4 az a; a3
az a3 a4 a4 a1 a1 G2 G2
ay a9 aq as a9 a4 as aq

Table 2: A Circular Domain

COROLLARY 2 Let m > 3. The domain D€ is dictatorial.

Proof: : Consider the orders P, = a;a;41...a4,,01..0,—1 and P} = aja;_1 ...a1ay,...a;4+1 for some
j=1,..,m and a,,; understood to being the alternative a;. Observe that ri(F;) ~ rr_1(F;)
and ry,(P/) ~ r,_1(P]) for all k = 2,..,m. Hence D satisfies Property 7.

We now show that it satisfies Property 7". Pick an arbitrary B C A with m > |B| > 1
and let a; € B. Since {B, A — B} is a partition of points that lie on the circumference of a
circle, there must a pair of adjacent points which lie in different elements of the partition, i.e.
there exists k # j such that either a;, € B and ay,.1 € A— Bora, € A— B and a1 € A.
We have already seen that ay ~ ajy1. Observe that in P;, we have ag, Pa) while in P!, we
have ayP/ak,1. Hence Property 7" is also satisfied. [ ]

Our next result shows that the circular domain is a salient dictatorial domain. 3

3This result has been independently obtained by Shin Sato (Sato (2008)).
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THEOREM 4 The circular domain is a minimal dictatorial domain. If D is a minimal dic-
tatorial domain, then |D| = 2m.

Proof: : Since DY is dictatorial and has a cardinality of 2m, we know that the cardinality
of a minimal dictatorial domain is no greater than 2m. We now show that there does not
exist a minimally rich dictatorial domain whose cardinality is strictly less than 2m. Suppose
such a domain D existed. Since D satisfies minimal richness, there must exist an alternative
a € A and an order P, € D such that 7(P;) = a and 7(P/) # a for all P/ € D — {P;}. Let
b = ry(P;). Define the SCF f : DY — A as follows. For all P’ € DV such that P| # P,
f(P) = 7(P]) and for all other profiles P, f(P) = C({a,b}, P,). Tt is easy to verify that
f is strategy-proof, satisfies unanimity and is not dictatorial. Hence D is not a dictatorial
domain. |

OBSERVATION 3 Aswal et al. (2003) proved that if D was a minimal dictatorial domain,
then |D| < 4m — 6. In this paper we prove a tight bound 2m which is, of course, strictly less
than 4m — 6 for m > 3. Note that for m = 3, the FPT, circular and complete domains all
coincide.

4.3 SINGLE-PEAKED DOMAINS

These domains have been extensively studied (see for example Moulin (1980)). We are able
to apply our results to these domains.

DEFINITION 18 Let > be a linear ordering over A. A preference ordering P; is Single- Peaked
(with respect to >) if for all a,b € A, [7(P;)) >a>b orb>a>7(P)] = aPbb.

Alternatives are ordered, say on the real line. An ordering is single-peaked if alternative
a which lies “between” the peak of the ordering and another alternative b, is strictly preferred
to b. We will let D57 denote the set of all single-peaked preferences with respect to some
fixed order >.

Let a,b € A and assume that a > b. We say that a and b are adjacent if there does not
exist ¢ distinct from a and b such that a > ¢ > b. Also let [a, b] denote the alternatives which
lie “between” a and b, i.e {c|la > ¢ > b} if a > b and {c|[b > ¢ > a} if b > a. It is easy to
verify the following fact which we record as an Observation.

OBSERVATION 4 Let D C DSF. Then, for all a,b € A, [a ~ b] = [a and b are adjacent].
We will say that a domain is adjacency rich if the reverse implication also holds.

DEFINITION 19 The domain D C D is adjacency rich if for alla,b € A, [a and b are adjacent ]
= [a ~ b].
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We illustrate these concepts with an example.

EXAMPLE 4 Let A = {a,b,c,d} and let a > b > ¢ > d. Note that {a,b}, {b,c} and {c, d}
are adjacent. Let D = { Py, Py, Ps, Py, P5, Ps} where

PP P Py B By

a b b ¢ ¢ d
b a ¢ d b ¢
c ¢ a b a b
d d d a d a

Then D is an adjacency rich single-peaked domain.

Note that adjacency rich domains can be strict subsets of D, For instance in Example
4 above, the single-peaked orderings beda and cbda are absent. In general |D| = 2™~ while
the minimal adjacency rich domain has size 22 + 2. Note also that the superset of an
adjacency rich domain is also adjacency rich. Hence D" is adjacency rich.

PROPOSITION 3 Assume n = 2. Then every adjacency rich domain D C DY satisfies the
tops-only property.
Proof: . Suppose D be adjacency rich. Pick P, € D and a € A — 7(F;). Since P; is single-

peaked, there exists b € A such that a and b are adjacent and bP;a. By adjacency richness,
a ~ b so that D satisfies Property T'. The result now follows by applying Theorem 1. W

We prove a weaker result in the case where there are at least three voters.
PROPOSITION 4 Assume n > 3. The domain D37 satisfies the tops-only property.

Proof: : Assume without loss of generality that A = {ay, as, ..., apr} and that a; > ag > ... >
ay. We have seen that a; ~ a; only if j and £k are consecutive integers. Let P; € D3P and
let 7(P;) = a;. Pick a; # a;. Let r € [j,k]. Observe that for all single-peaked P! for which
7(P/) = a;, we must have a, P/aj. Moreover, for any integer s ¢ [j, k], there exists a single-
peaked ordering P, such that 7(P,) = a; and aj, Pia,. Hence B(P,, ai) = {a;, aj 1, ..., ar_1, ax}
if k> j and B(P;,ay) = {a;,a;_1, .., ari1, a5} if 7 > k.
Suppose k > j. Pick a, € B(P;, ax). The ordering P/ where

apPlay_1...Pla, .., PlayPlag,1, ..., Play, is single-peaked. If j > k and a, € B(P;, a), we can
choose a single-peaked P/ such that

arpPlayiy...Plag, .., PlayyPlag_1, ..., Pla;. These observations establish that D satisfies Prop-
erty 7. We now apply Theorem 2. [ |

OBSERVATION 5 There are single-peaked domains which are strictly contained in D% which
also satisfy Property 7. An instance of this is the domain in Example 4.

17



4.4 GENERALIZED SINGLE-PEAKED DOMAINS

The notion of single-peakedness has been extended by Nehring and Puppe (2007b),
Nehring and Puppe (2007a) to apply to sets of alternatives with a more general structure
than that of the real line. We follow their formulation here.

DEFINITION 20 A Property Space is a pair (A, H) where H is a collection of subsets of A
satisfying

1. 0¢H
2 HeEH=(A-—H)eH

3. For all x # vy, there exists H € H such that v € H andy ¢ H.
A Property Space (A, H) induces a ternary betweenness relation B C A® according to
(a,b,c) e B < [forall He H:{a,c} CH=10bc H|.

DEFINITION 21 Let (A,’H) be a Property Space inducing the betweenness relation B. The
ordering P; is Generalized Single-Peaked (GSP) if for all a,b € A, (1(F;),a,b) € B = aPb.

We can easily generalize the notion of adjacency richness to this setting. Thus a,b € A
are adjacent if there does not exist ¢ € A such that (a,b,¢) € B. As in the case of single-
peaked preferences, [a ~ b] = [a and b are adjacent]. An adjacency rich domain is a set of
GSP orderings where the converse implication also holds. We let DYSF denote the set of all
GSP orderings.

The next two results and their proofs are straightforward adaptations of their counter-
parts for single-peaked domains.

PROPOSITION 5 Assume N = 2. Then every adjacency rich domain D C D satisfies
Property T and hence the tops-only property.

PROPOSITION 6 Assume N > 3. The domain D% satisfies Property T* and hence the
tops-only property.

OBSERVATION 6 Nehring and Puppe (2007b) and Nehring and Puppe (2007a) demonstrate
that a large number of models are covered by their abstract formulation of GSP preferences.
These include single-peaked preferences on a tree (Demange (1982)) and multi-dimensional
single-peakedness (Barbera et al. (1993)). Our results, Propositions 5 and 6, therefore cover
these models as well.
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4.5 MULTI-DIMENSIONAL VOTING: SEPARABLE PREFERENCES,
UNIVERSAL MARGINAL DOMAINS

In this subsection we consider models where agents vote over alternatives which are multi-
dimensional in nature, i.e the set of alternatives A = A; x ... x Ay. The sets A;, j =
1,.., M will be referred to as component sets. The case where A; = {0,1} was analyzed
in Barbera et al. (1993) and the general case in LeBreton and Sen (1999). The literature
surveyed in Sprumont (1995).

We shall write a typical element a € A as a = (aq,...,ap) or (ag,a_g) where Q C
{1,..., M'}. We shall consider separable preferences where it is possible to unambiguously
define preferences over each component set.

DEFINITION 22 The ordering P; is separable if for all Q@ C {1,...,M}, and a,b,c,d € A,
[(aq, c—q) Pi(bq, c—q) = [(aq,d-q)Fi(bg, d-q)]-

We shall let DFF denote the set of all separable preferences over A. For every P; € DSEF

let Pij . j = 1,...,M denote the preference ordering on the j** component set by P,. We
shall refer to P/ as the marginal ordering over j induced by P,. For any D C DFF let

DI = {Pf |P, € D}. Finally let P/ denote the set of all preference orderings over component
j. Thus DFPi = PJ,

DEFINITION 23 The ordering P; is additively representable if there exists functions u; :
A;j =R, j=1,..M such that for all a,b € A, aP;b if and only if >, uj(a;) > >, u;i(bs).

Let DAPP denote the set of all additively representable preferences. It is trivial to verify
that DAPP c DSEP | Tt is also well-known that there exist separable preferences which are
not additively representable. *

PROPOSITION 7 Let D be a domain such that DAPP C D C DSFP. Then D satisfies the
tops-only property.

Proof: : We will show that a domain D such that DAPP C D C D5FF gatisfies Property T*.
Pick P, € D, let b = 7(P;) and @ # b and let S = {k € {1,..,M} : ar = by}. Let
H(P;,a) = {c € Alc = (bg,a_g) for some Q D S}. * We claim that B(P;,a) = H(P;,a).
Let P/ € DEF be such that 7(P/) = b. Separability implies that whenever S C Q,
we have (bg,a_g)P/(ag,a_g). Hence H(P;,a) C B(P;,a). Now construct u; : A; — R as
follows:

o u;(b;)=1forall j=1,..M.

4See for example, Fishburn (1970).
® In the definition of the set H(P;,a), we require Q to be a strict superset of S.
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o u;i(c;) <~ forall j €S andforall ¢; € A; —{b;} where 0 <y < 1.

o u;j(a;) = f; and wu;(c;) < v for all j € M — S and for all ¢; € A; — {b;,a;} where
0<y< ﬁj < 1.

Let 3 = minjerr—s ;. Observe that >, uj(a;) > |Q+8|M—Q| > BM. Pick an arbitrary
¢ ¢ H(P;,a). There must exist k € {1,.., M} such that ¢y # ay, by. Therefore, > u;(c;) <
M —1++. By picking 3 such that 8 > #=*2 we can ensure that > ug(ag) > > uj(c).
Let P/ € DAPP be the ordering generated by the functions u;, j = 1,.., M. Observe that
7(P}) = b and aPc. Hence ¢ ¢ B(P;,a), ie. B(P,a) = H(P;, a).

Let z € H(P;,a), i.e. * = (ag,bg_s,a_gq) for some S C (). Now construct u; : A; — R
as follows:

e uj(aj)=1forall j=1,..M.
o uj(c;) <~vforaljeSU(M—Q)and for all ¢; € A; — {a;} where 0 <y < 1.

o u;(bj) = B; and u;(c;) < v for all j € @ — S and for all ¢; € A; — {b;,a;} where
O0<y<p <L

Once again let § = minjeqg-s 3;. Observe that > u;(z;) > [M|+[Q—S|+6|Q—S| > BM.
Pick an arbitrary ¢ ¢ H(P;,a). There must exist k& € {1,..,M} such that ¢, # ag,b.
Therefore, Zj uj(c;) < M — 14 ~. By picking § such that 5 > W, we can ensure
that > uj(z;) > > ui(c;). Let P € DAPD e the ordering generated by the functions u;,
j=1,., M. Observe that 7(P}) = a and 2 P/cfor all ¢ ¢ B(F;,a)i.e. xP;(A—{a}—B(F;,a)).
Since B(FP;,a) C B(FP;,a), we have x P,(A—{a} — B(P;,a)) or e P,W(P;,a). Hence D satisfies
Property T*. We now apply Theorem 2. |

4.6 CONSTRAINED VOTING

A class of problems that has received considerable attention in the literature (Barbera et al.
(1997) Barbera et al. (2005), Serizawa (1996), Aswal et al. (2003), Ozyurt and Sanver (2006)
and Svensson and Torstensson (2008)) is that of constrained voting. There is a basic set of
feasible alternatives A which has a product structure i.e., A = A; X Ay X ... X Ay; where
A;, j=1,..M are the component sets. In Serizawa (1996) and Svensson and Torstensson
(2008), the component set A; denotes the level of public good j with the typical assumption
that |A;| > 3. On the other hand, Barbera et al. (1997) Barbera et al. (2005), Aswal et al.
(2003), Ozyurt and Sanver (2008) consider models of voting over subsets of candidates. Thus
{1,..., M} is the possible set of candidates and A; = {0,1}. Every a € A, uniquely represents
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a subset of A with a; = 1 and a; = 0 signifying that j belongs and does not belong
respectively to the subset represented by a.

The set of feasible alternatives is B C A. In the public goods case, these restrictions may
reflect resource constraints (Serizawa (1996)) and in the voting over subsets of candidates,
restrictions such as that at least k£ candidates must be elected, there must at least as many
women elected as men Barbera et al. (2005) and so on.

The preferences of each voter is represented by a separable preference P; over A. Let
DSEP denote the set of all separable preferences over A. For all P; € DEP let PP denote
the preferences over B induced by P, i.e. for all a,b € B, aPPb if and only if aPb. As
usual, we will let 7,(PP) and 7(PP) denote respectively the kth ranked and first ranked
alternatives in PZ. The set of preferences over B induced by separable preferences over A
will be denoted by D°*F(B).

DEFINITION 24 Let D(B) C DS¥F(B). A constrained SCF f is a mapping f : (D(B))" —
B.

Preferences over the set B are generated by separable preferences over the set A. We
could alternatively define a constrained SCF f as a mappping f : (D°¥F)" — B. However,
it is important to note that this distinction is irrelevant for strategy-proof constrained SCFs.
Thus if f is strategy-proof and P, P € (D%FF)" are such that P? = PP for all 4, then
f(P) = f(P). This is an immediate consequence of the well-known fact that the value of a
strategy-proof SCF f at a profile can depend only on individual preferences over alternatives

in the range of f.

DEFINITION 25 The constrained SCF f satisfies the tops-only property if for all P,P €
D(B)" such that 7(P;, B) = 7(P;, B) for all i € N, we have f(P) = f(P).

OBSERVATION 7 We are assuming that constrained SCFs f under consideration satisfy the
unanimity property with respect to the feasible alternatives, i.e. for elements of the set B.
An immediate consequence of this assumption is that Range f = B.

We will distinguish between two kinds of constrained voting models which give very
different results. In one class of models, studied for instance in Barbera et al. (1997), each
voters’ unconstrained maximal element is assumed to be feasible. Thus P? € D ¢ DEF(B)
implies that 7(P;) € B where P; € D°PF induces PP. For instance if A = {11,10,01,00}, and
B = {11,10,00}, then the ordering PP where 11PP00PP10 (or more compactly, 11,00, 10)
is inadmissible because PP can be induced only by the ordering P; over A where 01,11,00, 10
and 7(P;) = 01 ¢ B. We will call this model, the tops-feasible model. The other model where
no restrictions are made on the feasibility of the top alternatives , will be referred to as the
unrestricted-tops model. This model has been studied in Barbera et al. (1997), Aswal et al.
(2003), Ozyurt and Sanver (2008) and Svensson and Torstensson (2008).
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The structure of strategy-proof SCFs in these two models can be quite different. In
the feasible-tops model, we show that Property T holds. In the unrestricted-tops model,
we provide an example to show that Property 7™ does not hold. Since the domain in the
example can be shown to be dictatorial, the example demonstrates that Property 7™ is not
necessary for tops-onlyness.

4.6.1 The Tops-Feasible Model

As indicated earlier, we assume that preferences over the feasible set B are generated by
separable preferences over the set B subject to the restriction that the peaks of all admissible
orderings are feasible. The domain that we will examine is the largest one that can be
generated with these restrictions. For instance, consider the example introduced earlier
where A = {11,10,01,00} and B = {11,10,00}. The domain we will consider consists of
the following orderings

{(11,10,00), (10, 11, 00), (10,00, 11), (00, 10, 11)}.
Generally,
D(B) ={Pf € D°*"(B)|r(PF) € B}
PROPOSITION 8 The domain D(B) has the tops-only property.

Proof: : We will show that D(B) satisfies Property T*.

Let PP € D(B), 7(PP) = b € B and a € B with a # b. Let P, € DFF induce PB. ¢
Clearly B(PP,a) C B(P;,a). Hence B(PP,a) C B(P;,a). Now pick € B(PP,a). Since
v € B(P;,a), we can apply Proposition 7 to conclude that there exists P, € D" such
that 7(P;) = a and 2 BW(P,,a). Let P, induce PP. Obviously 7(PP) = a. Also since

W (PB,a) C W(P;,a) we have 2 PPW (PP, a). Hence D(B) satisfies Property T*. |

OBSERVATION 8 In the example where A = {11,10,01,00} and B = {11,10,00} the domain
D(B) is single-peaked with respect to the ordering > where 11 > 10 > 00. " There is
therefore a rich class of non-dictatorial strategy-proof SCFs over this domain such as the
median voter rule. However all these strategy-proof SCF's satisfy tops-onlyness.

50f course, P; need not be unique.
"Also with respect to the ordering > where 00 > 10 > 11.
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4.6.2  The Unrestricted-Tops Model

We now consider the case where the peaks of admissible preferences need not be feasible.
This case is harder to deal with than the unrestricted-tops case. We show that DS¥F(B)
may violate Property 1.

EXAMPLE 5 Let A = A; x Ay x A3 where A = {0,1} x {0,1} x {0,1}. Let B= A — {011}.
Let P; be the ordering

((011), (111), (001), (010), (000), (101), (110), (100))

It can be verified that P, € DEF. Clearly 7(PP) = (111). Let a = (000). Note that
for any P! € D5EF such that either 7(P/) = (111) or 7(P/) = (011) and ro(P!) = (111),
we must have (001)P/(000) and (010)P/(000). Hence B(PZ,a) = {111,010,001}. If Con-
dition T* is to be satisfied, there must exist P? € DEF such that 7(PP) = (000) and
(111) PPW (P, (000)). Suppose that such a PP exists. There are two cases to consider.
Suppose first that 7(P;) = (000). Then (111) is ranked last in . Hence (101)PP(111) so
that the requirement that (111)PPW (F;, (000)) is violated. Suppose that 7(F;) ¢ B, i.e
7(P;) = (011). Then separability of P; implies (010)7;(000) so that the requirement that
7(PB) = (000) is violated.

The results in Aswal et al. (2003) can be used to show that domain in Example 5 is
dictatorial. Therefore the example demonstrates that Property T™ is not necessary for tops-
onlyness.

5 NON-MINIMALLY RICH DOMAINS

In this section we relax the minimal richness assumption. There are several well-known
domains where minimal richness fails, for instance, in models where sets are being ranked
according to an expected utility criterion (see Barbera et al. (2001)).

The general results obtained earlier cannot be easily adapted to this setting. To begin
with, the notion of connectedness between two alternatives is now severely restricted because
it cannot be applied to alternatives which are not ranked first in some admissible ordering.
Consequently, Property 7' can never be satisfied in these models so that Theorem 1 can
never be applied. Can Property 7™ be generalized in order to cover alternatives which are
in the range of the SCF but which are never first-ranked in any admissible ordering? This
appears to be difficult without reference to the specific structure of option sets. Suppose
a € O;(P-;) for some admissible n — 1 profile P_; and let (P}, P_;;) be another admissible
n — 1 profile which is tops equivalent to P_;. Steps 1 and 2 in the proof of Theorem 2 go
through as before so that we can conclude that if a € O;(P-;) — O;((P}, P ), then there
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exists z* € O;(P—;) N O1((P}, P_;)) where 2* € B(P;,a). Property T* requires the existence
of an ordering where a is ranked first and x* is preferred to all alternatives that a was
preferred to under P;. Since a € O;(P-;), we know that there exists an admissible P, such
that f(P;, P_;) = a. In this ordering P;, the first ranked alternative, say b clearly does not
belong to O;(P_;). So, if we could postulate the existence of an ordering P; where b is the first
ranked, a is the highest ranked amongst all alternatives in O;(P_;) and z* is preferred to all
alternatives that a was better than under P;, then we would have the required counterpart
to Property T*. Unfortunately, the construction of such an ordering requires knowledge of
O;(P_;) (for instance, how do we identify b7) which renders the entire approach unworkable.

In view of these difficulties, we proceed as follows. We show that partial results relating
to the properties of alternatives which can be ranked first, do carry over. Moreover, using
these partial results, general tops-onlyness results can be obtained in specific models using
the appropriate structure of option sets.

Fix a domain D. Let Ay C A denote the set of alternatives with the property that for
all @ € Ag there exists P, € D such that 7(P;) = a. Clearly Ay # 0 but it could be the
case that Ay is a strict subset of A. We shall assume that SCFs under consideration satisfy
unanimity which is defined exactly as before. The definition of tops-onlyness also carries
over without any changes or qualifications. The following definitions are however, specific to
this environment.

DEFINITION 26 The SCF f : D™ — A satisfies partial tops-onlyness if, for all tops-equivalent
profiles P,P' € D", f(P) € Ay = [f(P) = f(P")]. The domain D satisfies partial tops-
onlyness if every strategy-proof and unanimous SCF f : D" — A satisfies partial tops-
onlyness.

In other words, a SCF is partially tops-only if it satisfies tops-onlyness with respect to
the alternatives in Ag. A domain satisfies partial tops-onlyness if every strategy-proof and
unanimous SCF defined over this domain satisfies partial tops-onlyness. We will show that
Property T™* can be modified in a natural way so that Theorem 2 can be replicated in order
to obtain a result on partial tops-onlyness. We will then show that in a variety of specific
domains, the partial tops-onlyness result can be extended to obtain results on tops-onlyness.

As before, for all P, € D and a € A—7(P;), let B(P;,a) = {z € AlzP,a} and W(P;,a) =
{x € AlaPx}. Also let B(P;,a) = {x € Alxz € B(P/,a) for all P! such that 7(P;) = 7(P/)}.

DEFINITION 27 Fiz a domain D. Let a € Ay and P; € D be such that a # 7(P;). Then a is
connected for P; if for all x € B(P;, a) there exists P; such that 7(P;) = a and xP,W (P, a).
Moreover D satisfies Property NRT* if for all P, € D and a € Ay — 7(F;), a is connected
for P;.

The requirement for an alternative to be connected in Definition 27 is exactly the same
as that in Definition 9. However Property NRT™ only requires alternatives in Ay to be
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ISEN

aq aq
Q12 13
Az ai12
23 A2
a3 a23
as  ag

Table 3: Examples of In-Between Preferences

connected. There is a reason for this: observe that alternatives in A— A, cannot be connected
because the definition of connection requires the existence of an admissible ordering where
these orderings are ranked first. Observe that in terms of option sets, a SCF f satisfies
partial tops-onlyness if for P_;, P', € D"!, we have O;(P_;) N Ay = O;(P",;) N Ay whenever
P_; and P’ are tops-equivalent.

THEOREM 5 Let D be a domain satisfying Property NRT*. Then, D satisfies partial tops-
onlyness.

The proof of Theorem 5 is straightforward adaptation of the proof of Theorem 2 and is
omitted. In the examples below we show that Theorem 5 can be used to prove tops-onlyness.

5.1 IN-BETWEEN PREFERENCES

In this model, the set of alternatives A consists of singletons and pairs. There are m singletons
{ai,..,a} and w pairs, {a;;} where j,k € {1,...,m}. A singleton a; can be thought
of as a “pure” outcome and a pair a; as a “compromise” between singletons a; and a;. One
possible interpretation (though not the only one) is that a compromise a;j, is an even-chance
lottery between a; and ay.

We will assume that admissible preferences P; satisfy the following restriction which we
call the “in-betweenness” restriction: for all j,k € {1,..,m} with j # k, either a;P,a;,Piay
holds or aj P;a;; P;a; holds. In other words the compromise a;;, must lie “in-between” the pure
outcomes a; and ay. This will be satisfied if a compromise is an even-chance lottery and
orderings are based on an expected utility calculation. More generally, it will be satisfied if
preferences satisfy the axiom of “Averaging” discussed in Fishburn (1970) and Gravel et al.
(2008). An immediate consequence of in-betweenness is that only singletons can be ranked
first, i.e. Ay = {a1,a9,..,a,}. For convenience, we denote the set of pairs by A; so that
A = AgU A;. In Table 3, P, and P, are examples of orderings satisfying in-betweenness

when Ay = {ay, as, a3}.
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Let DB denote the set of all orderings satisfying in-betweenness. We show that this
domain satisfies tops-onlyness. We show this by first showing that it satisfies partial tops-
onlyness by virtue of satisfying Property NRT™* and then extending the result.

PROPOSITION 9 The domain DB satisfies the tops-onlyness property.

Proof: Our first observation is that if |Ag| = 2, then there is a unique ordering associated
with every singleton so that tops-onlyness is trivially satisfied. Assume therefore that |Ag| >
3. We will first show that D!? satisfies the partial tops-onlyness property by showing that it
satisfies Property NRT™* and applying Theorem 5. We then use this result to demonstrate
tops-onlyness.

Let P, € DB a; = 7(P;) and a; € Ag—{a;}. Since there exists an in-between preference
ordering where a;, a;, and a; are ranked first, second and third respectively, it follows
B(P;, a;) C {aj,aj}. Since every ordering satisfying in-betweenness with a; as the maximal
alternative must rank a;j, above ay, it follows that {aj, a;x} = B(P;, a;). Let P; € DB be
such that ay, a;, and a; are ranked first, second and third respectively. Since Q:EW(R;, ar)
for all # € B(P;,ay), Property NRT* is satisfied and partial tops-onlyness follows from
Theorem 5.

Let f : (D!B)" — A be a strategy-proof satisfying unanimity. Pick i € N. We will
now show that O;(P_;) = O;(P’;) whenever P_; and P’ are tops-equivalent. Note that this
implies that f is tops-only and moreover the proof of this does not require minimal richness
(see Proposition 1). We shall closely follow the arguments in the proof of Theorem 2. Let
ajr € O;(P_;), t € N —{i} and suppose 7(F;) = a;. Let P, be such that 7(P/) = a, but
ajr & O;((P}, P_{iyy)). Following Steps 1 and 2 in the proof of Theorem 2 which make no use
of either minimal richness or Property T, we conclude that there exists z* € B(P;, a ;) which
belongs to both O;((P;, P_{iyy)) and O;((P/, P_{isy)). By the in-betweenness restriction,
exactly one of a;Pa;;Piar or arPaja; must hold. Assume without loss of generality that
the former holds. Using the same argument as in the previous paragraph, it is easy to verify
that B(P;, ax) = {ar, aji, a;}.

Since aj, € O;((Pi, P_g;4y)), there must exist P, € D'P such that f(P;, P, P_iy) = ajp.
Suppose a; P, Pay. Let P! € DB be such that aj, aji, a;; and a, are ranked first, second,
third and fourth respectively. Since f is strategy-proof, it follows from standard arguments
that f(P/, P, P_{;13) = aj, and in addition, that a; & O;(P;, P_{i). Since f satisfies partial
tops-onlyness, a; ¢ O;(P;, P_{;3). We know the following: (i) ajz ¢ Oi;(P/, P_f4) by
hypothesis (ii) there exists 2* € {as, a;i, a;} such that z* € O;((P/, Ppisy)). Observe that (i)
and (i) imply f(F/, P/, P_isy) € {at,a;:}. Since both a; and aj; are preferred by t to a;y
under P, , it follows that ¢ will manipulate at (P}, P, P_g; 1) via P;.

Now suppose apP;a;,Pa; but aj, ¢ O;((P/,P-in)). Let Pi” € DB be such that
ai, a;i, aj and a; are ranked first, second third and fourth respectively. Once again,

26



f(PZ»",Pt,P_{Z-’t}) = a;, and ap ¢ O;(P, P_iyy). From the partial tops-onlyness of f, we
have ay, ¢ O;(P/, P_fis). Hence f(P;/,P{,P,{i,t}) € {at,aj,a;}. Since t prefers a;, a;; and
a; to ajx under P, it follows that she will manipulate at (P, , P, P_g; 1) via P;. Therefore
Oi(Ps, P—_giy)) = Oi(P/, P_{; 1y)). Applying this argument repeatedly for different voters, we
conclude that O;(P-;) = O;(P";) and f satisfies tops-onlyness. |

OBSERVATION 9 The tops-onlyness property can be used to show quite easily that DP is
in fact, dictatorial if |Ag| > 3. We merely outline the argument here. We first show that a
strategy-proof f satisfying unanimity cannot have any pairs in its range. Suppose this was
false and there existed a profile P and a pair a;j, such that f(P) = a;. By the tops-onlyness
property, we can assume without loss of generality that aj; is in the fact, the second ranked
alternative from the bottom for all voters. Now pick a, distinct from a; and a; and let P’
be a profile where every voter’s first-ranked alternative is a,, and the position of a;; and the
bottom ranked alternative remain the same as in P. A standard argument can be used to
show that f(P’) = a;,. However unanimity requires f(P’) = a,. Hence Range f = Ay. Since
the value of a strategy-proof SCF depends only on voters’ rankings over the range of the SCF,
it follows that f can depend only on rankings over Aj. Since these rankings are unrestricted,
the Gibbard-Satterthwaite Theorem can be applied to show that f is dictatorial.

5.2 KELLY’S DOMAIN

Consider the following domain denoted by DX. Let A = {ay, as, as, a4, as, ag, az}. Then DX
is the largest domain of orderings satisfying the restrictions below.

e ay lies between a; and as
e a5 lies between a; and as
e g lies between ay and as

e a7 is neither first nor last.

Kelly (1989) conjectured that there does not exist a strategy-proof Pareto-efficient, non-
dictatorial SCF defined over DX with range including the alternatives, ai, ap and as.
Kim and Roush (1989) proved a stronger version of this conjecture showing that the re-
quirement of Pareto-efficiency is redundant. Here we show that the arguments in the proof
of Proposition 9 extend easily to this case.

PROPOSITION 10 The domain DX satisfies the tops-only propertsy.
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Proof: 1In this case Ay = {a1,as,a3}. Let f be a strategy-proof SCF with {a;,as,a3} C
Range f. It follows from well-known arguments that f satisfies unanimity.

Identifying the outcomes ai, as and az as singletons and the alternatives a4 and a5 and
ag as pairs, the arguments in the proof of Proposition 9 extend in a straightforward manner
to enable us to conclude that f satisfies top-onlyness with respect to the alternatives, aq,
as, as, ay, as and ag. In addition the arguments in Observation 9 also extend in identical
fashion to allow us to conclude that a4, as,as ¢ Range f.

We now show that the tops-only property also holds with respect to a;. Suppose that
it does not hold, i.e. there exists i, € N and tops-equivalent profiles P_;, (P}, P_f;4) €
(DF)™=! such that a; € O;(P_;) — O;((P}, P_g;zy)). Once again, applying Steps 1 and 2
in the proof of Theorem 2, it follows that there exists z* € O;(P-;) N O;((F/, P_{;4)) and
x* € B(P;,ar). Assume without loss of generality that 7(P,) = a;. It is easy to check that
r* = ay. Since a; € O;(P_;), there exists P, € DX, such that f(P;, P_;) = a;. Notice that
7(P;) # ay because a; € O;(P-;). Assume 7(F;) = a; where j = {2,3}. Observe also that
aj ¢ O;(P-;) (because f(P;, P—;) = ar). By partial tops-onlyness a; ¢ O;((P/, P_is}).

Moreover we can assume without loss of generality that a; and a; are ranked second and
third respectively amongst the alternatives {ai, as, as,ar} in P;. Then f(P/, P, P_; 1) = ;1
(since the alternatives ay, as and ag are not in Range f). Since ay Pyay, voter ¢t manipulates
at (P, P, P_g; ) via P[. Hence O;(P-;) = O;((P/,P_{;yy) and f satisfies the tops-only
property. |

5.3 SINGLE-DIPPED PREFERENCES

These domains have been studied in, for instance Peremans and Storcken (1997) and
Klaus et al. (1997). It will be convenient to represent the set of alternatives by A =
{a1,...,aprr}. Let > be the linear order a,, > ap_1... > a;.

DEFINITION 28 The ordering P; is said to be Single-Dipped (with respect to > )if there exists
an alternative min(P;) such that for all a,b € A, [min(FP;) > b > a ora > b > min(FP)| =
(lplb

Thus the alternative min(F;) is the worst element according to P; and the further an
alternative is from min(F;), the better it is. Let DP denote the set of all single-dipped
preferences with respect to P;.

PROPOSITION 11 The domain D°P satisfies partial tops-onlyness.

Proof: : Observe that Ay = {ay, a,, }. We first show that DP satisfies partial tops-onlyness.
Let P, € D3P and assume without loss of generality that 7(P;) = a;. Since there exists a
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single-dipped ordering where a; and a,, are ranked first and second respectively, it follows
that B(P;, a,,) = {a,}. Since there exists a single-dipped ordering where a,, is first and a,
second, Property NRT* is satisfied and DP satisfies partial tops-onlyness. |

OBSERVATION 10 It is possible to show tops-onlyness in this model but we omit the details.

5.4 PREFERENCES OVER SETS DERIVED FROM THE EXPECTED UTILITY
HYPOTHESIS

We consider the model of ranking all subsets of a finite set studied in Barbera et al. (2001),
Benoit (2002), Ching and L.Zhou (2002), Duggan and Schwartz (2000) and Ozyurt and Sanver
(2006). Let Ag = {ay, .., a,;,} be the set of all singletons and let A denote the set of all non-
empty subsets of Ay. Barbera et al. (2001) introduce the following restrictions on preference
orderings over A.

DEFINITION 29 An assessment A is a function X : Ay — [0, 1] such that X(a;) > 0 for all
a; >0 and 32, ¢4 AMa;) = 1.

DEFINITION 30 The ordering P; is conditionally expected utility consistent (CEUC) if there
exists a utility function v; : Ag — R and an assessment \; such that, for all X, Y € A

Aia; Xi(a;
XPY &3, ex Uz‘(%)(%) > ey Ui(aj)(%)

Let DYPUC denote the set of all conditionally expected utility consistent utility orderings.
A closely related domain is the domain of all uniform expected utility consistent preferences
DUEU preferences.
DEFINITION 31 The ordering P; is uniform expected utility consistent (UEU) if there exists
a utility function v; : Ay — R such that, for all X, Y € A

XBY & 30 ex vila)(1x7) > Lajev vi(e) (37)

Barbera et al. (2001) characterize strategy-proof SCFs over these domains and
Ozyurt and Sanver (2006) refine and extend these results. In particular, Barbera et al.
(2001) show that the domain DYFUC is dictatorial while DVFV is bi-dictatorial, i.e. both
domains satisfy the tops-only property. We show below that it is easy to verify that the
domains satisfy Property N RT* and therefore satisfy partial tops-onlyness. Unlike the pre-
vious three examples, it is considerably more tedious to verify that tops-onlyness is satisfied.
We therefore do not undertake to demonstrate the more general tops-only property.
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PROPOSITION 12 The domains DFVC and DVEY satisfy partial tops-onlyness.

Proof: Let P; belong to either DYEVC or DUFV and suppose 7(FP;) = a;. Pick ay # a;.
Note that by choosing a utility function v; where v;(a;) = 1 and v;(ay) is very close to
1, we can generate a P/ which belongs to both DYFVC and DVEU such that aj, {a;,a}
and aj are ranked first, second and third respectively. Hence B(P;,a;) = {a;,{a;, ar}}.
By an analogous argument, we can find P, belonging to both D¢FUVC and DVFV where ay,
{aj,a;} and a; are ranked first, second and third respectively. Thus z*P,W (P, ay,) for all
x* € P(P;,a). Thus, Property NRT* is satisfied and DEUC and DVEV hoth satisfy partial

tops-onlyness. [

6 CONCLUSION

We have investigated the structure of domains which imply the tops-onlyness property. A
general characterization of this property poses difficulties which appear to be insurmountable.
We provide some sufficient conditions and are able to show that they apply widely.

Several questions remain. The most obvious is whether Property T is sufficient in the
general case. Is it possible to construct a domain which is tops-only for two voters and not
for more than three?
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